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Abstract. We consider the problem of counting the number of linear trans- 
formation shift registers of a given order over a finite field. The problem is 
equivalent to the enumeration of a certain subset of block companion matri- 
ces. We derive some explicit formulae and use them to deduce a theorem 
of Carlitz on the number of self-reciprocal irreducible polynomials of a given 
degree over a finite field. 



1. Introduction 

Let m,n be positive integers, q be a prime power and a G ¥ qmn . An Tri- 
dimensional Fg-linear subspace of ¥ qmn is said to be a-splitting if 

W qmn = W © aW © • ■ ■ © a n ~ x W. 

Splitting subspaces were studied by Niederreiter [13j in the context of his work 
on the multiple recursive matrix method for pseudorandom number generation. 
In his paper [T3J p. 11], he asked the following question which was stated as 
an open problem: If a generates the cyclic group F* mn , what is the number of 
m-dimensional a-splitting subspaces? More generally, we may ask 

Question 1.1. Given a G ¥ q mn such that ¥ qmn = ¥ q (a), what is the number of 
m-dimensional a-splitting subspaces? 

We refer to Ghorpade, Hasan and Kumari [7J , Ghorpade and Ram [5J E] and 
Chen and Tseng [2] for recent progress on the above question. In particular, the 
work of Chen and Tseng settles Question (11 .11) completely by proving a conjecture 
of Ghorpade and Ram j5j Conj. 5.5]. A related conjecture arose in the study of 
word-oriented linear feedback shift registers (a-LFSRs) by Zeng, Han and He [17] 
in connection with their work on stream ciphers. It was shown in [5] that their 
notion of cr-LFSR is essentially equivalent to that of a splitting subspace defined 
by Niederreiter. More precisely, the problem (11.11) of enumeration of splitting 
subspaces was shown to be equivalent to counting a subclass of block companion 
matrices which turn out to be the state transition matrices of certain a-LFSRs. 

A subcategory of cr-LFSRs called transformation shift registers (TSRs) was 
considered by Tsaban and Vishne [16] in order to solve a problem of Preneel [14] . 
It turns out that the TSRs have very good cryptographic properties, especially 
when the corresponding characteristic polynomial is irreducible or primitive. 
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We define a (m,n)-TSR matrix over ¥ q to be a matrix T £ M mn (F g ) of the 
form 

/0 . . A \ 
J m . . c x A 



. . I m c n _ 2 A 
\0 0.. I m c n _iA/ 

where C\, . . . , c n -\ £ ¥ q , A £ M m (¥ q ) and J m denotes the m x m identity matrix 
over F g , while indicates the zero matrix in M m (F 9 ). We denote by TSR(m, n; q) 
the set of all (m, n)-TSR matrices over ¥ q . It can be shown [HI p. 5] that matrices 
in TSR(m, n; q) are precisely the state transition matrices^of transformation shift 
registers of order n over ¥ q m. 

While cr-LFSRs have been studied in great detail, very little is known about 
the TSRs; indeed, given positive integers m, n and a prime power q, it is not even 
known if there exists a matrix in TSR(m, n; q) with an irreducible characteristic 
polynomial. 

In this article, we adopt a matrix theoretic approach to enumerating TSRs 
by considering their state transition matrices. Thus, we are mainly interested 
in \TSR(m,n; q)\ and the number of elements in TSR(m,n; q) which have an 
irreducible characteristic polynomial. A formula (15. 4p for the number of matrices 
in TSR(m, 2; q) with an irreducible characteristic polynomial is obtained. We 
then give a simple method to construct certain TSRs from self-reciprocal poly- 
nomials. Finally, we use the results on TSR matrices to deduce a theorem of 
Carlitz [1] (which has been proved by Cohen [3], Meyn [10], Meyn and Gotz [TT] 
and Miller [12] in a variety of ways) on the number of self-reciprocal irreducible 
monic polynomials of a given degree. 

2. Preliminaries 

The map which associates to a mn x mn matrix its characteristic polynomial, 
viz., 

$ : M mn (F g ) -> ¥ q [X] defined by $(T) := det (XI mn - T) 

will often be referred to as the characteristic map. The restriction of $ to (m, n)- 
TSR matrices will be denoted by $( m , n ). We denote by TSRP(m,n;q) the set 
of (m, n)-TSR matrices which have a primitive characteristic polynomial over 
¥ q , and by TSRI(m,n; q) the set of (m,n)-TSR matrices over F q that have an 
irreducible characteristic polynomial. For each positive integer r, we denote by 
J(r; q) and T(r; q) the set of irreducible polynomials of degree r and the set of 
primitive polynomials of degree r respectively. Thus $ maps TSRI(m, n; q) into 

-^or reasons that will become clear, our definition of state transition matrix of a TSR differs 
slightly from the one in [HI P- 5]. Note, however, that the two definitions coincide in the case 
of TSR matrices which are nonsingular. 
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3(mn; g) and TSRP(m,n; g) into 3 3 (mn;g). As a result, restrictions of $ yield 
the following maps: 

(1) $p : TSRP(m,n; q) — >■ CP(mn; g) and $/ : TSRI(m,n; q) — >■ 3(mn; g). 
It is easy to show [HI Lem. 4.2] that if T G TSR(m,n; q), then 

(2) $(T) = det(X n I n - s r (X)T (m) ), 

where #t(X) = l + CiX + . . . + c„_iX n_1 G FjX] and T( m ) denotes the submatrix 
of T formed by the first m rows and last m columns of T. Note that T is uniquely 
determined by gr(X) and T^ m y For every matrix M we denote by <f> M (X) the 
characteristic polynomial of M. It follows easily from (T5]) that 

(vn \ 

Thus if 4>t{X) is irreducible in FJX], then so is 4>T, m) {X). However, the con- 
verse is not true in general. For example if gr{X) = 1, then 

T (X) = T(m) (X") 

which is not irreducible when n is a multiple of q. If <Pt{X) is primitive in 
FJX], then it is not necessarily true that (pT {m) (X) is primitive. Consider T G 
TSR{1,2;3) given by 

'0 f 



T 



1 1 



In this case <Pt{X) = X 2 — X — 1 is primitive but (jyp.AX) = X — 1 is not. 

The next proposition describes the form of <pT {m) {X) when T G TSRP(m, n; q). 
First, we need a lemma. 

Lemma 2.1. If N is a positive integer and f{X) G y(iV; g) i/ien (—1)^/(0) is a 
primitive element of¥ q . 

Proof. See Thm. 3.18]. □ 
Proposition 2.2. If T £ TSRP(m,n;q) then 

(_l)-(n + D 0r(m) ((.1)^)6%?). 

Proof. Let aij(l < « < m) be the roots of <pT {m) (which is necessarily irreducible 
in ¥ q [X}) in ¥ qm . Then 

m 

MX) = l[(X n - a i9T (X)) 

i=l 

is a factorization of 4>t{X) into irreducible polynomials in F ? ™[X]. Then, for each 
i, X n — aigxiX) is necessarily primitive in F g m[X]. By Lemma \2.1\ (— l) n+1 «j is 
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primitive in ¥ q m for each i. It is easily seen that the to elements (— l) n+1 ai are 
also conjugates of each other over ¥ q . Equivalently, 

m 

Y[(X + (-l) n a t ) e%g). 
i=i 

This is equivalent to the statement of the proposition. □ 
Corollary 2.3. If char (¥ q ) = 2 and 4>t{X) is primitive, then so is 0r (m) (X). 
Corollary 2.4. If n is odd and <f>r(X) is primitive, then so is 0t ( m) (X). 

3. Fibers of the Characteristic Map 

The maps and $p defined in ([1]) are not surjective in general. To see this, 
let T G TSR(2, 2; 2). We show that the primitive polynomial X 4 + X + l G F 2 [X] 
cannot be the characteristic polynomial of T. Suppose, to the contrary, that 

MX) = x 4 + x + i. 

Let T(m) (X) = X 2 + aX + b. Then 

X A + aX 2 g T (X) + bg T (X) 2 = X 4 + X + 1. 
Formally differentiating with respect to X on both sides, we obtain 

aX 2 g T '(X) = 1 

which is impossible. 

Since is not surjective in general, the following natural question arises. 

Question 3.1. Which polynomials f{X) G F 9 [X] are the characteristic poly- 
nomial of some T G TSRI(m,n; q) and what is the cardinality of the fiber 

^,n)U{X)). 

It follows from ([3]) that if f(X) G Q(TSR(m, n; q)) then f(X) is necessarily of 
the form 

(vn \ 

for some monic polynomial h(X) G F 9 [X] of degree m and a not necessarily monic 
g(X) G F g [X] of degree at most n — 1 with g(0) = 1. 

We say that a polynomial f{X) G F g [X] is (m,n)-decomposable if it is the 
characteristic polynomial of some (to, ra)-TSR matrix. We refer to (j3j) as an 
(to, n)-decomposition of f(X). We further say that f(X) is uniquely (to, n)- 
decomposable if the representation of / in the form (j3J) is unique. 

The following theorem will be used to provide a partial answer to Question 
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Theorem 3.2. Let f(X) G F g [X] be a monic polynomial of degree n and let f = 
fT 1 ' ' ' fk lk > where the fi are distinct irreducible polynomials in ¥ g [X] of degree 
di. The number of matrices in M n (¥ q ) that have f(X) as their characteristic 
polynomial is given by 

F(q,n) 



N x (f(X)) = q' 



where 



F(<7,r) = U(l-<T) 



i=l 

for every positive integer r. 

Proof. See [U §2] or pH Thm. 2]. □ 
Theorem 3.3. Suppose f(X) is uniquely (m ^-decomposable as 

" X r ' 



g{x) m h 

Then, 



9{X) 



\^, n) (f(X))\=N x (h(X)). 

Proof. Suppose T G TSR(m, n; q) and 4>t(X) = f(X). By the hypothesis, gr(X) 
and <pT (m) (X) are uniquely determined and are equal to g(X) and h(X) respec- 
tively. Thus the number of such T is equal to the number of possible values of 
T( m ) with <pT (m) (X) = h(X). This is the statement of the theorem. □ 

Corollary 3.4. Suppose T G TSR(m, n; q) is such that 4>t{X) is uniquely (m, n)- 
decomposable. Then 

\^, n) (Mm=N x (4 >T{m) (x)). 

Proposition 3.5. If f(X) = X mn then 

|*j£ n) (/(*))|= (q m2 - m -l) q^ + l- 

Proof. In this case $^ n )(/P0) is precisely the set of those T G TSR(m, n; q) for 
which T( m ) is nilpotent. Thus there are N x (X m ) possible values for T( m ). There 
is precisely one T for which T( m ) = 0. For T( m ) ^ 0, gr(X) can be arbitrarily 
chosen and the number of such T is (N x (X m ) — 1) g n_1 . Adding the two values, 
we obtain 

%l n) (X mn ) = (N x (X m ) - 1) (f- 1 + 1 



q n ~ l + 1. 



□ 
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Theorem 3.6. Suppose f(X) is (to, n)- decomposable and f(X) ^ X mn . Let 

f(X) = g l3 {X) m h t (^^j l<t<r, l<j<n t 

be all possible (to, n)- decompositions of f , where the pairs (hi,gij) are distinct for 
1 < i < r and 1 < j < U{. Then, 

r 
i=l 

Proof. For each pair (hi,gij) with 1 < i < r, 1 < j < Hi, the number of T e 
TSR(m,n;q) with c/ T = ^ and T(m) = ^ is N x (hi). Since /(X) 7^ X mn , T (rn) 
is necessarily nonzero and thus no T is counted more than once. Summing over 
i,j, we obtain 

$ m(/w)|=EEw)) 

i=i j=i 

r 

= 5>x x (^(x)). 



i=l 



Theorem 3.7. Suppose f(X) e F 9 [X] zs (m,n)-decomposable with 

f(X)=g(X) m h' ' 

and 



□ 



= x m + ^ a,x m -\ 

i=l 

Suppose further that not all cij are zero and that a; L = whenever char(¥ q ) \ i. 
Then f\X) is uniquely (m,n)-decomposable. 

Proof. Suppose 

(5) /(X) = g 1 (X) m h 1 — — = g 2 (X) m h 2 " ' 



with 

rrt m 

h x (X) = X m + Y^ ^X m " 1 and /i 2 (X) = X m + ^ 6,X m -\ 
i=i i=i 

Setting X = we see that a m = b m . If a m = b m = 0, then by a similar argument, 
a m _i = 6 m -i- Let = max{r : a r 7^ 0} (k exists since not all dj are zero). Then, 
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by the above reasoning, we must have k = max{r : b r ^ 0} and — By the 
hypothesis p = char(¥ q ) does not divide k. From we obtain 

k k 

X mn + J2a i X n{m - l) g 1 (X) i = X mn + ^b i X n{m - i) g 2 (Xy 

i=l i=l 

and some rearrangement shows that 

X n \a k (g 2 (X) k - 9l (X) k ) . 

Since p \ k the fc-th roots of unity in ¥ q , say Wi, . . . ,w k , are distinct. Thus, X™ 
divides 

k 

H(g 2 (X)-w igi (X)). 

i=l 

Since g"i(0) = #2(0) = 1, the only factor in the above product with a nonzero 
constant term is g 2 {X) — gi{X) which is a polynomial of degree at most n — 1. 
Then X n divides g 2 {X) — gi(X) and this is possible only if gi{X) = g 2 (X). From 
this it easily follows that h\(X) = h 2 (X) and the theorem follows. □ 

Corollary 3.8. Suppose m < char(¥ q ) and T 6 TSR(m, n; q) is such that 
4>t{X) 7^ x mn . Then, is uniquely (m,n)- decomposable. 

Proof. Using the notation of the theorem, /(X) = 0y(X) and h(X) = <pT (m) {X). 
Since (j) T {X) ^ X mn it follows that <fa {m) (X) ^ X m . The hypothesis that m < 
char(¥ q ) ensures that h(X) satisfies the hypothesis of the above theorem and the 
corollary follows. □ 

Theorem 3.9. Suppose f(X) is (m,n)- decomposable and irreducible in ¥ q [X]. 
Then f(X) is uniquely (m,n)-decomposable. 



Proof. Let 



f(X) = g 1 (X) m h 1 [ — — = g 2 (X) m h 2 



MX) J ^ ' \92(X) i 

be two (m, n)-decompositions of f(X). Since / is irreducible, so are hi and h 2 . 
Let 

m m 

h 1 (X) = l[(X-X l ) and h 2 (X) = Y[(X- f i i ) 

i=l i=l 

be the factorizations of hi and h 2 in F g m [X] . Then 

m m 

H(X n - X igi (X)) and l[(X n - mg 2 (X)) 

1=1 i=l 

are two factorizations of /(X) in F g m[X]. Since /(X) is irreducible of degree ran, 
f(X) splits uniquely into m distinct irreducible factors of degree n in F ? m[X]. 
Thus each factor in both the above products is irreducible and the factors in one 
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product are merely a rearrangement of those in the other. Thus there exists a 
permutation o G & m such that 

X n - Xi 9l {X) =X n - fi a(i) g 2 (X) for 1 < % < m. 

Since <7i(0) = #2(0), it follows that A, = /i CT (j) for 1 < i < m and hence gi(X) = 
g2{X). Since the A, are a permutation of the fij it follows that hi(X) = h,2(X) 
as well, proving uniqueness. □ 



Theorem 3.10. IfTe TSRI(m,n;q) then 



^r 1 ^ 

(m,n) 



(MX)) 



\GL 



q m - 1 



Proof. If T is as above then <Pt{X) is irreducible and (m, n)-decomposable. By 
Theorem 13.91 6t(X) is uniquely (m, ^-decomposable, and by Corollary 13.41 

$ S,n) (MX))\=N x ^ T(m) (X)). 

Since (j>T, m) {X) is also irreducible it follows from Theorem 13.21 that 

\GL m (¥ n )\ 



N x {<t>T im) (X)) 



□ 



4. TSR Matrices with an Irreducible Characteristic Polynomial 

We now restrict our attention to TSR matrices with an irreducible character- 
istic polynomial. 



Theorem 4.1. 



\TSRI(l,n;q)\ = \3(n;q)\ 
\TSRI(m,l;q)\ lGLm(¥ " 
\TSRP(l,n;q)\ 
\TSRP(m,l;q)\ 



q rn _ i 

\9{n;q)\ 
\GL m (¥ q 
q m - 1 



■|J(m; q)\ 



■\9{m;q)\ 



Proof. If either m or n equals 1, it is easily seen that the maps and $p are 
surjective. The above formulae follow easily from Theorem 13.101 □ 

Let S q (m,n) denote the set of irreducible polynomials f(X) G F 9 m[X] of the 
form 

X n - Xg(X) 

where A satisfies ¥ qm = ¥ q (X) and g(X) G ¥ q [X] with g(0) = 1 and degg(X) < 
n — 1. The significance of S q (m,n) is apparent from the following theorem. 
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Theorem 4.2. For positive integers m,n 

lm/(m,n; 9 )|J^' n)l|GL - WI 

m q m — 1 

Proof. Define 

A q (m, n) := $/ (TSRI(m, n; q)) . 

By Theorem 13.101 



(6) \TSRI(m, n; q)\ = \A g (m, n 

Define a map 



\GL m (W q ) 



q m - 1 

r : S q (m,n) —> F g mn[X] 



by 



m— 1 



T((X n - A^(X)) := J] (X» - \*g(X) 

i=0 



It is easy to see that the product on the right is (m, n)-decomposable. Let /3 be a 
root of X n — \g(X) in some extension field of F q ™,. Then, the minimal polynomial 
of p over F q is clearly T(X n - \g{X)). Thus T(X n - Xg(X)) is irreducible in 
F g [X]. Since A q (m,n) is precisely the set of irreducible (m, n)-decomposable 
polynomials in FJX], it follows that T (S q (m,n)) C A q (m, n). We claim that 

T (S q (m,n)) = A q (m,n). 

To see this, let f(X) G A q (rn,n). Since / is irreducible, / has a unique (m,n)- 
decomposition, say 

/ vn 

f{X) = g{X) m h' - 



Then is necessarily irreducible in F g [Jf] and if is a root of h(X) in F g m, 

then 

r(X» - pg(X)) = f(X), 

proving the claim. It is now easy to see that T -1 (/(X)) is precisely the set 
{X n - i2 q 'g(X) : < % < m - 1}. Thus |r _1 (/)| = m for each / G A q (m,n) and 
consequently 

\A q (m,n)\= lS ^ m ' n)l . 

m 

The theorem now follows from (ED- □ 
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5. The Case n = 2 

In what follows, we denote \S q (m,n)\ by N q (m,n). We now consider the com- 
putation of \TSRI(m, 2; q)\ for m > 1. In this case, 

N q (m,2) = \{X 2 - \{aX + 1) irreducible in ¥ qm [X] : ¥ qm = ¥ q {X),ae ¥ q }\ 

= | {X 2 + aX -a irreducible in ¥ q m [X] : ¥ qm = ¥ q {a), a G ¥ q ] \ . 

For every positive integer t > 1 and a e F 9 , define 

(7) Vi(a) = {a G F 9 t : F 9 t = F g (a),X 2 + aX - a is irreducible in F,«[X]} . 
Then it follows that 



Proposition 5.1. Form > 1 and a e F g; Vv^a) = if and only if q is even and 
a = 0. 

Proof. Define 



If g is even and a = then 

\/ m (a) = {a G F g m : F g m = ¥ q (a),X 2 — a is irreducible in ¥ q m [X] } 



since every element in F g m is a square. Now suppose either q is odd or a ^ 0. If 
the polynomial X 2 + aX — a is reducible for some a G Z m , then it has two roots, 
say j3 and —a — /3 (which are distinct by the assumptions on q, a and m), that 
necessarily lie in Z m . Thus 

Z m {x 2 + ax : x G Z m } . 

Now observe that if x 2 + ax G Z m for some x G F g m then x G Z m . Thus 

Z m ^ {x 2 + ax : x G F g m } 

which implies that V m (a) is nonempty. □ 

We will use the above proposition implicitly in the proof of the next theorem. 

Theorem 5.2. Suppose m > 1 and m = 2 k l where k, I are nonnegative integers 
with I odd. 



N q (m,2) = Y,\VM\. 



a£Fq 



Z 



rn 



{a G ¥ q m : ¥ qm = ¥ q (a)} . 







(1) If 1 = 1, then 




q even, 



q odd. 
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(2) Ifl>\, then 

W;g 2k )\ 



N q (m,2) 



2 

l\J(l;q 2k )\ 



(q — 1) q even, 
q q odd. 



2 

Proof. For each positive integer t > 1, let 

Z t = {a G ¥ qt : ¥ q t = ¥ q (a)} 

as in Proposition 15.11 Let a G ¥ q and assume that a ^ whenever q is even. 
Define for each positive integer t > 1 the sets 

X t (a) = {a G F g t : ¥ q t = ¥ q (a 2 + aa)} , 

y t (a) = {a G F,i : ¥ qt = ¥ q (a) ^ ¥ q (a 2 + aa)} , 

f7t(a) = {a 2 + aa : a G F 9 t, F 9 t = ¥ q (a 2 + aa)} . 

If V t (a) is as in ([7j), then it is easy to see that 

(8) Z t = X t (a)UY t (a) = U t (a)UV t (a). 

Denote the cardinalities of Z t ,X t (a),Y t (a),U t (a),Vt(a) by z t ,x t ,yt,u t ,v t respec- 
tively. Then by (jSJ), it follows that z t — x t + y t — u t + v t . For each t > 1, the 
function h(x) = x 2 + ax maps X t (a) onto £/t(a) and Y" 2 i(a) onto V t (a). Thus 

x t = 2u t and y 2 t = 2v< (t > 1). 

For < i < k let m ; = m/2\ Then, for 1 < i < k and mj_i > 1, we have 

•^mj 2it mi and y m4 2i> m ^_ 1 . 

If m is odd, then m > 3 and y m — since a field extension of odd degree cannot 
contain any extension of degree 2. If m is even, then 

Vm "I - 2(f mi -|- 1t mi ) 

2(x mi -)- l/mi)- 

Thus 

2/m 2('U mi -|- U mi ) ^rrti 

The solution to the recurrence depends on m. If m is a power of 2 (m = 2 fc ), 
then 

fc-i 

Dm = Vrrik-i 4" ^ ^ 2 mj 
i=l 

fc-1 

(9) = Vl + Zmi 

t=l 
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where the second summand is understood to be zero when k — 1. If m is not a 
power of 2 (i.e. I > 1 ), then 



i=l 



(10) 



k 



since m fc = /(> 3) is odd. 

It now remains to compute (J9j) and (flOj) . First consider (J9j) (where m = 2 k ). If 
r is a power of 2, then z,. = q r — q T l 2 . A simple calculation shows that 



Now 



Vm = q m/2 -q + V2- 



y 2 = \{ae¥ q2 :¥ q 2= ¥ q {a) ^ ¥ q (a 2 + aa)}\ 

= 2 \{a G ¥ q : X 2 + aX — a is irreducible in ¥ q [X] } 
= 2(q-\{s 2 + as : s e¥ q }\) 

q — 1 g odd, 
q even. 



Therefore 



2 

q m -q + y 2 



Thus 



N g (m,2) = \ V M\ 



aeF„ 



\V m (l)\(q-l) q even, 
\V m (l)\q godd. 

(g - l)<f 



q(q m - 1) 



q even. 



q odd. 
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This settles the first part of the theorem. In the second case (m = 2 k l, I > 1), 
we have 



1 k 

-Y 

2 ^ 

i=0 



_ Zm — Vm = 1 \ Zm; from (TTO 



1 k 

9^^ 



2 

8=0 



k 



Zl 1 

i=l 

f+jEE^ 

i=l d|2*J 



since fi(d) = if 4 | d. Since fi(2d) = —[i(d) for odd <i we can rewrite this as 

1 k 



i=l d|Z 



d|Z 

/|J(/;g 2fc )| 



Thus 



iV 9 (m,2) = J]|V m (a)| 

aGF q 



— \Q ~ 1) 9 even, 

W;<? 2fc )l 

-g g odd. 



2 

This completes the proof of the second part of the theorem. □ 
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Remark 5.3. Suppose m > 1 and m = 2 k l where k, I are integers with I odd. 
Then Theorem 15.21 can be stated more compactly as follows: 



N q {m,2) 



1 



\V m (V 



:-i) s 



«;g 2 )|- 



l + f-i)*- 1 



where |_^J denotes the floor function. Note that 
l + (-l) q - 1 



1 m is a power of 2 and q is odd, 
otherwise. 



Theorem 5.4. Suppose m > 1 and m = 2 fc Z where k, I are nonnegative integers 
with I odd. Then 



\TSRI(m,2;q)\ = (q- 



1 



-D q ' 



^ji{d)q™ 



d\i 



2m(g m - 1) 



Proof. Follows from Theorem I4.2[ Remark 15.31 and the fact that 



d|2 



□ 



Theorem 5.5 (Carlitz). Let m be a positive integer and suppose m = 2 k l for 
some integers k, I with I odd. The number of self-reciprocal irreducible monic 
(srim) polynomials of degree 2m in ¥ q [x] is equal to 



^(W; 9 2 *)l 



1 + 



Proof. For m = 1 we need to count the number of b in ¥ q such that X 2 + bX + 1 
is irreducible in F 9 [X]. The polynomial X 2 + bX + 1 is irreducible precisely when 
b is not of the form c + l/c for some c G F* . It is easily seen that 



]{c+l/c: ceF;}| 



(q + l)/2 godd, 
q/2 q even. 



The m — 1 case follows easily from this. Now suppose m > 1. Let the map 
T : S q (m,2) — > Ag(m, 2) be as in Theorem 14.21 Since all the fibers of T are 
of size m, it follows that the number of polynomials in A q (m, 2) of the form 

(1 + X) m h (r^x) is equal to 

\V m {l)\ 



— \{X 2 - X(X + 1) irreducible in ¥ Qm [X] : F„ m = F„(A))| 
m 
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Now 

(1 + X) m h (j^Tx^J is irreducible X m h ( ^^~ ) is irreducible 

^ X" 1 /^ (x + -^J is irreducible 

where hi(X) = h(X — 2). Irreducible polynomials of the form X m h\ [X + -^J 
where h\ is monic of degree m are precisely the srim polynomials of degree 2m. 
Thus the number of such polynomials is equal to | Kn(l) \/m. This is the statement 
of the corollary. □ 

Remark 5.6. It is easy to show that any irreducible self- reciprocal polynomial 
of degree > 2 over F q is necessarily of even degree. 

Corollary 5.7. For every positive integer m, f(X) G A 2 (m, 2) if and only if 
f(X — 1) is a srim polynomial of degree 2m. 

Proof. This follows easily since polynomials in A 2 (m, 2) are precisely the irre- 
ducible polynomials of the form 



[1 + X) m h 



X 2 



1 + x , 

where h is monic of degree m. □ 

Remark 5.8. If f(X) is a self-reciprocal monic polynomial of degree 2m over 
F q , then f(X + 1) is (m, 2)-decomposable. Further, if f(X + 1) is irreducible, 
then it is the characteristic polynomial of some matrix in TSRI(m, 2; q). Such a 
matrix can easily be constructed from the (m, 2)-decomposition of f(X + 1). 



6. Bounds on the Number of TSRs 

Theorem 6.1. 

\TSRI(m,n;q)\ < \ GL ^ ¥ f |j( m; q )\ q -\ 
q m — 1 

\CT (F )\ 

\TSRP(m,n;q)\ < 1 J { f 1 \T(m; q) \q n ~\ 

q m — 1 

Proof. First note that T is uniquely determined by gr(X) and Tr m ) (as in (j2J)). 
If T e TSRI(m,n;q), then <f>j-.JX) is irreducible of degree m and there are 
at most q"^ 1 possibilities for gx{X). The first bound easily follows from these 
observations. The second bound can be proved similarly by using Proposition 
I2T21 □ 
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